


  結び目図式の補領域に着目した結び目の研究として, 結び 群のDehn 表示

は古くから知られていたが, その他には活発に研究されていない状況であった

。申請者らによる論文[1]は補領域に現れる多角形の辺数に着目した研究の

成果をまとめたものであり, 発表後は関連した研究を行う研究者がでてきてい

るものである。論文[2]の中では球面面上の結び目射影図の「補領域のi辺形

を満たすことが知られている. 

そこで, 等式 　　を満たす数列を指定した際に, 「任意の結び目が, その数列

を実現する図式は存在するか」という問題について考察し, 　　　　　　　　の場合において具体的な構成法を与えることで肯定的に解決ができた。

これは, グラフ理論で古典的に知られている「平面4価グラフの実現問題」の結

び目図式版と言えるが, グラフ理論における結果を利用しているものである。

 また, 与えた構成法はかなり複雑なもので, 構成できる図式の交点数は膨大

なものとなる。

　今後の課題としては ,

 (1)　                  の場合への拡張

 （2） 得られる図式の交点数の評価

が考えらえる。（１）については, 本結果の証明に利用した論文[3]における平

面４価グラフの構成に関する

る。グラフ理論のにおいては　　　　　　　　　　という条件は「ルー�」と「多重辺」

を持たないという条件に対応するごく自然なものであるが, 結び目理論のおい

ては１辺形と２辺形を持たないという不自然な仮定である。 論文[2]における証

明はJeong氏の構成したグラフを利用しているため,                     という条件

を外すことができなかった。この条件を外すために, まずはJeong氏の結果の　

　　　　　　　　　でない場合への拡張を目指す。この方向での解決が難しい場

合は, グラフ理論の結果を利用しない構成法を与えることに取り組みたい。

（２）に関しては,本構成法で構成した図式は,　その結び目図式が表す結び目

の最小交点数と比較すると膨大に増えていることは分かるがどの程度増えて

いるのかはきちんと考察していない。また, 「なるべく交点数の少ない図式で実

現する」という方向での研究はまだ行っていない。今後は交点数に関する考察

も進めていきたい。

Dal-Young Jeong氏の定理の拡張が必要とな
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ANY LINK HAS A DIAGRAM WITH ONLY TRIANGLES AND

QUADRILATERALS

REIKO SHINJO AND KOKORO TANAKA

Dedicated to Professor Kouki Taniyama on the occasion of his 60th birthday

Abstract. A link diagram can be considered as a 4-valent graph embedded in
the 2-sphere and divides the sphere into complementary regions. In this paper,

we show that any link has a diagram with only triangles and quadrilaterals.

This extends previous results shown by the authors and C. Adams.

1. Introduction

A link diagram can be considered as a 4-valent graph embedded in the 2-sphere
and divides the sphere into complementary regions. Given a reduced connected
diagram D, let pn(D) be the number of n-gons of all the complementary regions of
D for each n ≥ 1. Note that p1(D) = 0, since D is reduced. It follows from Euler’s
formula and some elementary observations that we have the following equation

(1) 2p2(D) + p3(D) = 8 + p5(D) + 2p6(D) + 3p7(D) + · · · ,

in which p4(D) does not appear.
In graph theory, the converse direction has been investigated, dating back to [3].

Grümbaum [4] proved that any sequence {pn}n≥2,n̸=4 of nonnegative integers with
p2 = 0 that satisfies Equation (1) can be realized as a planar 4-valent 3-connected
graph such that the number of its n-gon regions is pn for all n ̸= 4. This theorem
is known as Eberhard’s theorem. We note that the condition p2 = 0 is a typical
assumption in graph theory, since the 1-skeletons of convex polytopes are of interest
as these graphs on the 2-sphere. We also note that a convex 3-polytopal 4-valent
graph is nothing but a connected reduced link projection without bigons. Then
Jeong [5] extended this result to show that the resulting graph can be taken as a
knot projection rather than a link projection.

In this paper, we investigate such a problem for link diagrams; which sequence
{pn}n≥2,n̸=4 of nonnegative integers that satisfies Equation (1) can be realized as
a diagram of every link such that the number of its n-gon regions is pn for all
n ̸= 4? This is a continuation of the study of complementary regions of knot and
link diagrams by the authors and Adams in [2]. In that paper, we introduced and
investigated the notion of universal sequences for knots and links, which will be
reviewed and discussed in Section 3 of this paper. See the original paper [2] or the
survey [1, Chapter 10] for more details about universal sequences. Main purpose
of this paper is to show the following theorem and its corollary.
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Theorem 1.1. Any sequence {pn}n≥2,n̸=4 of nonnegative integers with p2 = 0 that
satisfies Equation (1) and any link L, there exists a diagram DL of L such that
pn(DL) = pn for all n ̸= 4.

Since the sequence p2 = 0, p3 = 8 and pn = 0 (n ≥ 5) satisfies the assumption
of Theorem 1.1, we have the following, which is the title of this paper:

Corollary 1.2. Any link has a diagram with only eight triangles and quadrilaterals.

Theorem 1.1 follows from Theorem 1.3, whose proof will be given in Section 2.

Theorem 1.3. Let P be a knot projection with the part as shown in Figure 1, where
the numbers from 0 to 2 indicate the order in which the arcs are traced. Then any
link L has a diagram DL such that pn(DL) = pn(P ) for all n ̸= 4.

Figure 1. A part of a knot projection consisting of three strands

Proof of Theorem 1.1. Let {pn}n≥2,n̸=4 be a sequence of nonnegative integers with
p2 = 0 that satisfies Equation (1). It was shown in [5] that there exists a choice
of p4 and a knot projection P such that pn(P ) = pn for all n ≥ 2. The proof was
inductive and constructive. We recall here a rough outline of the proof in [5]. Start
with the knot projection P0 in Figure 2. It is made up of eight triangles and three
quadrilaterals, and has the part as shown in Figure 1; see the right of Figure 2. By
performing some local operations for P0 repeatedly outside the part as shown in
Figure 1, the knot projection P0 can be changed into the desired knot projection P ,
which also has the the part as shown in Figure 1. Thus Theorem 1.3 can be applied
for P and hence any link L has a diagram DL such that pn(DL) = pn(P ) = pn for
all n ̸= 4. □

Figure 2. Jeong’s knot projection P0

Although some readers may wonder if it is possible to remove the assumption
p2 = 0 from Theorem 1.1, we think that it is an issue in the future. This is because,
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in order to use Theorem 1.3, we have to extend the result by Jeong [5] without the
assumption p2 = 0, however, it may be difficult at this time. Instead, for example,
it is possible to prove the following for the sequence p2 = 2, p3 = 4 and pn = 0
(n ≥ 5) which satisfies Equation (1).

Proposition 1.4. Any link has a diagram with only two bigons, four triangles and
quadrilaterals.

Proof. Take a knot projection P1 as in the left of Figure 6 so that p2(P1) = 2,
p3(P1) = 4 and pn(P1) = 0 for all n ≥ 4. Since P1 has the part as shown in
Figure 1, Theorem 1.3 can be applied for the projection P1, and hence any link L
has a diagram DL such that pn(DL) = pn(P1) for all n ̸= 4, that is, p2(DL) = 2,
p3(DL) = 4 and pn(DL) = 0 for all n ≥ 5. □

Throughout this paper, we use the fact that any diagram can be made a diagram
of the unknot by crossing changes. Equivalently, we can make any knot projection
into a diagram of the unknot by giving crossing information appropriately. In fact,
we can say a little stronger assertion, which will be used later.

Lemma 1.5. Let Q be a knot projection. If the number of crossings of Q is even
(resp. odd), then there exists a diagram DQ of the unknot whose underlying projec-
tion is Q and whose writhe is 0 (resp. +1).

Proof. Induction on the number of crossings. □

2. Proof of Theorem 1.3

Lemma 2.1. Let P be a knot projection with the part as shown in Figure 1, where
the numbers from 0 to 2 in the figure indicate the order in which the arcs are traced.
Then there exists a knot projection Q for any integer N ≥ 3 with the part as shown
in Figure 3 such that pn(Q) = pn(P ) for any n ̸= 4, where the numbers from 0 to
N in the figure also indicate the order in which the arcs are traced.

Figure 3. A part of a knot projection consisting (N + 1)-strands

Proof. Let Q1 be an N -parallel copies of P so that pn(Q1) = pn(P ) for all n ̸= 4.
Let Q2 be a knot projection obtained from Q1 by replacing a part of Q1, which
corresponds to the N -parallel copies of Figure 3, with the part as in the top of
Figure 4, where it depicts the case N = 3. When we ignore quadrilaterals, regions
of Q2 are almost identical to those of P . The exact differences are as follows: each
of the two shaded regions of Q2 in the top of Figure 4 has one more edge than
the corresponding region in P , and has a newly created triangle next to it. Let Q
be a knot projection obtained from Q2 by creating a pair of two kinks as in the
middle of Figure 4, and aligning them along with Q2 as in the bottom of Figure 4.
More precisely, the upper kink goes out from 0 and returns back into 1, and the
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lower kink goes out from 2 and returns back into 0, where each number from 0 to
2 indicates a set of parallel strands of Q2 corresponding to the strand labelled by
the number in Figure 3. Then we have pn(Q) = pn(P ) for all n ̸= 4. Moreover the
knot projection Q has the part as in Figure 3; see the bottom right of Figure 4.
Hence the knot projection Q is a desired one. □

0
1 2 3

Figure 4. How to make Q from P for the case N = 3

Proposition 2.2. Let L be a link, and Q a knot projection with the part as shown
in Figure 3 for sufficiently large N depending on L, where the numbers from 0 to N
in the figure indicate the order in which the arcs are traced. Then L has a diagram
DL such that pn(DL) = pn(Q) for any n ̸= 4.

Proof. Take a closed quasitoric braid diagram D1 of the link L, where a quasitoric
braid is a braid obtained by changing some subset of the crossings in a toric braid.
We note that every link can be realized as the closure of a quasitoric braid [6].
When the quasitoric braid diagram D1 for L is of type (p, q), we take N so that
N > p+ q and a knot projection Q as in the statement. We discuss the cases where
the number of crossings of Q is odd and even.
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Case 1. Consider the case where the number of crossings of Q is even. It follows
from Lemma 1.5 that there exists a diagram DQ of the unknot whose underlying
projection is Q and whose writhe is 0. Align the closed quasitoric braid diagram
D1 along with the diagram DQ of the unknot such that quasitoric braid parts are
arranged as in the top of Figure 5, where it depicts the case (p, q) = (3, 2), and
denote the diagram obtained from D1 by D2. Since the writhe of DQ is zero,
the diagram D2 represents the link L. When we ignore quadrilaterals, regions of
D2 are almost identical to those of Q. The exact differences are as follows: each
of 2q shaded regions of D2 in the top of Figure 5 has one more edge than the
corresponding region of Q, and and has a newly created triangle next to it. Create
q pairs of two kinks for D2 as in the middle of Figure 5 such that

• the first pair consists of a kink adjacent to the first shaded region from the
right on the upper and that adjacent to the first shaded region from the
left on the lower,

• the second pair consists of a kink adjacent to the second shaded region from
the right on the upper and that adjacent to the second shaded region from
the left on the lower,
...

• the (q−1)-st pair consists of a kink adjacent to the (q−1)-st shaded region
from the right on the upper and that adjacent to the (q − 1)-st shaded
region from the left on the lower,
and

• the q-th pair consists of a kink adjacent to the q-th shaded region from the
right on the upper and that adjacent to the q-th shaded region from the
left on the lower.

Then align the totally 2q kinks along withDQ as in the bottom of Figure 5 according
to the order such that

• the first kink from the right on the upper leaves from 0, go through from 1
to q − 1, and returns to q, and then that from the left on the lower leaves
from 2, go through from 3 to q + 1, and returns to 0,

• the second kink from the right on the upper leaves from 0, go through from
1 to q − 2, and returns to q − 1, and then that from the left on the lower
leaves from 3, go through from 4 to q + 1, and returns to 0,

...
• the (q − 1)-st kink from the right on the upper leaves from 0, go through
1, and returns to 2, and then that from the left on the lower leaves from q,
go through q + 1, and returns to 0,
and

• the q-th kink from the right on the upper leaves from 0 and returns to 1,
and then that from the left on the lower leaves from q+1 and returns to 0,

where each number from 0 to q + 1 indicates a set of parallel strands of D2 corre-
sponding to the strand labelled by the number in Figure 3. We denote the diagram
obtained from D2 by DL, where crossing information concerning aligned kinks of
DL must be suitably chosen such that DL represents the link L, in other words,
such that all aligned kinks of DL can be shrinked back to the original positions as
in the middle of Figure 5. Then we have pn(DL) = pn(Q) for all n ̸= 4, and hence
the diagram DL is a desired one.
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Figure 5. How to make D from D1 for the case (p, q) = (3, 2)

Case 2. Consider the case where the number of crossings of Q is odd. It follows
from Lemma 1.5 that there exists a diagram DQ of the unknot whose underlying
projection is Q and whose writhe is +1. Suppose that the quasitoric braid diagram
D of the link L is the closure of a quasitoric braid bL. Then take a closed quasitoric
braid diagram D′

1 as the closure of the product of the two quasitoric braid bL and
b−1 = (σ1σ2 · · ·σp−1)

−p. We note that the product of two quasitoric braid is also
quaitoric [6]. We remark here that D′

1 does not represent L, since the writhe of DQ

is +1. Align D′
1 along with DQ such that quasitoric braid parts are arranged as in

the top of Figure 5, and denote the diagram obtained from D′
1 by D2. Since the

writhe of DQ is +1 and the (quasitoric) braid b−1 represents the (−1)-full-twist,
the diagram D2 represents the link L. The rest of the proof is the same as for Case
1 and is therefore omitted. □

Proof of Theorem 1.3. It directly follows from Lemma 2.1 and Proposition 2.2. □

3. Universal sequences

We discuss the relationship with the notion of universal sequences [2] introduce
by the authors and Adams. A strictly increasing sequence of integers (a1, a2, a3, . . .)
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with a1 ≥ 2 is said to be realized by a link if there exists a diagram for the link
such that each complementary region is an an-gon for some an that appears in the
sequence. We note that not every an must be realized by a region. We say that a
sequence is universal1 if every link has a diagram realizing the sequence. In [2], the
following were shown:

• (n, 2n, 3n, . . .) is not universal for any n ≥ 2 ([2, Theorem 2.3]),
• (3, 5, 7, . . .) is universal ([2, Theorem 3.1]),
• (3, n, n+ 1, n+ 2, . . .) is universal for any n ≥ 4 ([2, Theorem 3.1]),
• (2, n, n+ 1, n+ 2, . . .) is universal for any n ≥ 3 ([2, Theorem 3.1]),
• (3, 4, n) is universal for any n ≥ 5 ([2, Theorem 3.2 and 3.3]), and
• (2, 4, 5) is universal ([2, Theorem 3.4]).

Using Theorem 1.3, we can extend the last two results and thus give alternative
proofs for them. Note that Theorem 3.1 implies the fifth result above.

Theorem 3.1. The sequence (3, 4) is universal.

Proof. This is a paraphrased assertion of Corollary 1.2. □

Theorem 3.2. The sequence (2, 4, 2k + 1) is universal for any k ≥ 2.

Proof. Take a knot projection Pk as in the left of Figure 6 for each k ≥ 2 so that

p2(Pk) = 4k − 2, p2k+1(Pk) = 4 and pn(Pk) = 0 (n ̸= 2, 2k + 1).

Since Pk has the part as shown in Figure 1, Theorem 1.3 can be applied for the
projection Pk, and hence any link L has a diagram DL such that pn(DL) = pn(Pk)
for all n ̸= 4. It follows from pn(Pk) = 0 for all n ̸= 2, 2k + 1 that pn(DL) = 0 for
all n ̸= 2, 4, 2k + 1. This implies that the sequence (2, 4, 2k + 1) is universal. □

Figure 6. The knot projections P2 and Pk (k ≥ 2)
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